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A k-block is a maximal k-vertex-connected subgraph, and a k-block which 
does not contain a (k + I)-block is an ultrablock. It is shown that the maximum 
total number of k-blocks for all k > 1 in any p-vertex graph is [(2p - 1)/3], 
and the maximum number of ultrablocks in any p-vertex graph having maximum 
subgraph connectivity I? is [(p - r? + 1)/2]. In contrast to the linear growth rate 
of the maximum number of k-blocks in a p-vertex graph, it is shonrn that the 
maximum number of critical k-vertex-connected subgraphs of an ullrablock of 
connectivity k can grow exponentially with p. 
I. INTRODUCTION AND SUMMARY 
The minimum degree, 6(G), edge-connectivity, X(G), and vertex 
connectivity, K(G), all provide measures of the intensity of connectivity of 
the graph G. (Refer to [2] for basic terminology in graph theory.) These 
measures may best be termed global measures of connectivity, and are most 
relevant to questions concerning vulnerability of a graph to separation. 
Another area of connectivity research deals with the determination of 
those subgraphs of a graph which locally exhibit the greatest intensity of 
connectivity. The most vigorously pursued aspect of maximum local 
connectivity research has been the study of cliques (maximal complete 
subgraphs) in graphs. Lick and White [4] have investigated graphs 
characterized by max(G(H) / H a subgraph of G}, and in [5:] this author 
investigated the k-components (maximal k-edge-connected subgraphs) 
of a graph. In this and a companion subgraph connectivity survey paper [6], 
we begin an investigation of the maximal k-vertex-connected subgraphs of 
a graph, for which we suggest the name k-blocks. 
It was shown in [5] that for any fixed k, the k-components of a graph are 
disjoint. This leads to the result that the maximum total number of k- 
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components in a graph for all k can grow at most linearly with the number of 
vertices. By contrast, the cliques of a graph can extensively overlap, and 
Moon and Moser [S] have shown that the maximum number of cliques in a 
graph grows exponentially, as 39/3, for p-vertex graphs. For fixed k, the 
k-blocks of a graph can overlap pairwise in up to k - I vertices, and it is 
intriguing to ask for the rate at which the maximum total number of k-blocks 
of ap-vertex graph grows with p. In this paper we show that this rate is 
limited to be linear. 
The major result of the next section is the block separation lemma: Let 5’ 
be a minimum separating set of the graph G with (A,), (A,),..., (A,,), m > 2, 
the components of G - S, and let k > K(G) + 1. Then each k-block of G is 
a k-block of (Ai u S) for precisely one i, and each k-block of (Ai w S) for 
every i is a k-block of G. 
This separation lemma is then utilized to provide recursive decomposition 
formulas for 
(i) 4(G): the total number of k-blocks (all k) of G, 
(ii) ,u(G): the number of ultrablocks of G, where an ultrablock is a 
k block not containing a (k + l)-block, and 
(iii) r?(G): the maximum of K(H) over the subgraphs H of G. 
In Section III the maximum value of 4(G) over all p-vertex graphs G is 
shown to be [(2p - 1)/3], and the maximum value of p(G) over all p-vertex 
graphs G having a particular value ri 3 1 for R(G) is shown to be 
](p - R $ 1)/2]. In both cases “fan” graphs are constructed to demonstrate 
maximum packings of k-blocks and ultrablocks in p-vertex graphs. 
The emphasis in Section IV shifts to an investigation of the number of 
critically k-vertex-connected subgraphs that can exist in a graph which is 
itself an ultrablock of connectivity k. This number is shown to grow exponen- 
tially with the number of vertices of the graph. Specifically, for any E > 0, 
there exist K and N such that the maximum number, M(k, p), of critically 
k-connected-subgraphs of any p-vertex ultrablock of connectivity k satisfies 
(2 - c)” < Aqk,p) < 2p for all k > K, p > N. 
As an application of these results, the fact that the k-blocks of G allow a 
limited amount of overlap yet afford at most linear growth in the number of 
such subgraphs makes them an interesting alternative to components and 
cliques for graph theory based cluster analysis. In their book “Mathematical 
Taxonomy” [3], Jardine and Sibson introduce a clustering method similar 
but not identical to the determination of k-blocks. Both the theoretical and 
computational aspects of determining k-blocks as a clustering technique, and 
the relation to Jardine and Sibson’s B, method, are being pursued [7] 
in parallel to the graph theoretic developments reported in this paper. 
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II. ~-BLOCKS AND ULTRABLOCKS 
A graph G = (V, E) with vertex set V’(G) and edge set E(G) has (wtexj 
connectivity K(G) if K(G) 3 0 is the minimum number of vertices whose 
removal leaves either a disconnected or trivial (single vertex) graph; i.e., 
K(G) = Sminj (1 S I 1 (V(G) - S) is disconnected or trivial). (1) 
K(G) = 0 if and only if G is disconnected or trivial. The nontrivial connected 
graph G is termed k-connected for any 1 < k < K(G). Equivalently, a 
k-connected graph cannot be disconnected by the removal of less than k 
vertices. For the graph G and any k 3 1, a maximal k-connected subgraph 
of G is termed a k-block of G, and a k-block which does not contain a (k + 1) 
block is an ultrablock of G. 
The l-blocks of G are simply the nontrivial components of G, and the 
2-blocks are the cyclic blocks [2, Chap. 31 of G. For the k-blocks B, and B, 
of G with K(B,) < K(&), it is clear that either B, is entirely contained in B, 
or that B, and B, may overlap in no more than IC(B,) - 1 vertices. Thus both 
nesting and overlap can occur amongst the k-blocks of a graph. Two distinct 
ultrablocks U, and U, of G cannot be nested, so they can overlap in no more 
than min{fc(U,), K(U,)> - 1 vertices. 
Figure 1 shows a graph, G, with a total of eight k-blocks for 1 < k < 4, 
of which five are ultrablocks. The full graph G is a l-block, the subgraphs 
((I, 2, 6)), ((3, 4, 5:), and ((5, 6 ,..., 131) are 2-blocks, ((5, 6, 7, 8)) and 
((7, g,..., 13)) are 3-blocks, and ((7, 8, 9, 10, 11)) and (7: 8, 9, 12, 13)) are 
4-blocks. The ultrablocks are ((1, 2, 6}), ((3: 4; 5)), ((5, 6, 7, Sj), 
((7, 8, 9, 10, ll}), and ((7, 8, 9, 12, 13)). 
FiG. 1. A graph, G, with nested and overiapping k-blocks 
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In general, ultrablocks are not always cliques, nor are all cliques ultra- 
blocks. However, the concept of ultrablock is similar to the concept of clique 
in that it represents a local optimum with regards to a measure of intensity of 
connectivity. 
A separating set S of G is a vertex subset S C c’(G) such that G - S is dis- 
connected. The components of G - S are denoted by (A,), (A,),..., (A,,), 
where m > 2, so (A, , A, ,..., A,) is a proper partition of V(G) - S. Note 
that all noncomplete graphs possess separating sets. A minimum separating set 
S C V(G) has / S = K(G), in which case (Ai u S> is also connected for every 
1 < i < m. 
Observe that if S is a minimum separating set of G, then any k-connected 
subgraph H of G with k 3 K(G) + 1 cannot have S n V(H) as a separating 
set, since i S n V(H)1 < / S 1 = K(G) < k < K(H). Also i V’(H)] > k > 
S 1, so H is a subgraph of (Ai U S) for precisely one i, 1 < i < m. This 
observation leads to a fundamental separation lemma which provides the 
tool for our investigation of k-blocks and ultrablocks. 
LEMMA 1 (block separation lemma). Let SC V’(G) be a minimum 
separating set of the noncomplete graph G with (A,), (A,),.... (A,), m > 2, 
the components of G - S, and let k 3 K(G) + 1. Then each k-block of G is a 
k-block of (Ai u S) for precisely one ralue of i, and each k-block of (A, v S> 
for ecery i is a k-block of G. 
Proof. The proof is immediate for G disconnected, so let G be a connected 
noncomplete graph with minimum separating set S and let k > K(G) t 1. 
Let B be a k-block of G. Since V(B) n S is not a separating set of B and 
; V(B)] > ! S ;, B must be a k-connected subgraph of precisely one com- 
ponent, (Ai u S), of G - S. B is then a subgraph of some k-block, B*, of 
(Ai v S), and B” is then a k-connected subgraph of G containing B. The 
maximality of B with respect to k-connectivity in G implies B = B*, so B is a 
k-block of (Ai u S). 
For any it 1 < i < m, let B* be a k-block of (A, u S) where k 3 K(G) i 1. 
B* is then a subgraph of some k-block B of G. Since the k-block B cannot be 
separated by V(B) n S, V(B) C Ai u S. Thus B is a k-connected subgraph of 
(Ai u S> containing the k-block B* of (Ai u S>. Hence B = B*, proving 
the lemma. i 
Let the number of k-blocks of the graph G be given by 
&G, 17) = l{B 1 B is a k-block of G for some k > n); 
#(G) = +(G, 1). 
for t1 2 1. 
(21 
The block separation lemma provides an immediate decomposition formula 
for counting k-blocks. 
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COROLLARY 1.1. Let S C V(G) be a minimum separating set of the non- 
complete graph G with (A,), (A,) ,..,, , /A > m 3 2, the components of G - S. m, , 
Then 
for n > K(G) f 1, (3) 
and for G a connected graph 
4(G) = $tG, K(G)) = 1 + 5 #(Ai u S>, K(G) f 13. 
i=l 
(4) 
Let the number of ultrablocks of the graph G be given by 
p(G) = I(U j U is an ultrablock of G)I. (5) 
The block separation lemma also yields a decomposition formula for 
counting ultrablocks. 
COROLLARY 1.2. Let SC V(G) be a mininzum separating set of the rzon- 
complete graph G with (A,), (A,),..., (A,), m > 2, the components of G - S. 
Then 
P.(G) < t AM ” S)), (6) 
i=l 
where equality must hold if K((A, U S)) 3 K(G) + 1 for all nontritiial 
(Ai u S), 1 < i < m. 
If G is itself an ultrablock, then p(G) = 1, while the right-hand side of 
inequality (6) will be at least as large as the number of components, m > 2, 
of G - 5’. In general, the right-hand side of (6) can be larger than m, as shown 
for the graph G of Fig. 2. Note that p(G) = 1 and p((A, u S)) = 1, 
FIG. 2. A graph, G, and its separation by S. 
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whereas (A, u S) has ({I, 2, 3,4)) and ((4, 5, 6; 73) as ultrablocks, so 
PL((A2 u s>> = 2. 
The largest connectivity of the subgraphs of G is denoted by R(G) and is 
given by 
ri(G) = max{K(H) 1 H a subgraph of G}. (7) 
Thus every graph which is not totally disconnected (without edges) must 
have at least one R(G) block, and all ri(G)-blocks are ultrablocks. A graph G 
is itself an ultrablock if and only if it is not totally disconnected and 
I?(G) = K(G). The block separation lemma further yields a decomposition 
formula for the I?(G). 
COROLLARY 1.3. Let S C V(G) be a minimum separating set of the non- 
complete graph G with (A,), (A,),..., (A,,,), m 3 2 the components of G - S. 
Then 
III. MAXIMUM NUMBER OF ~-BLOCKS AND ULTRABLOCKS 
Extensive overlapping will allow a tight packing of the p(G) ultrablocks 
as well as the collection of 4(G) k-blocks for some graphs G. We now seek 
the maximum values of $(G) and p(G) over all p-vertex graphs G as a function 
of p to see how tightly the k-blocks and ultrablocks can be packed. 
An example graph allowing extensive overlap of both k-blocks and 
ultrablocks is provided by the ultrablock fan, F, for p 3 2, given by 
u {aicj / 1 < i <j < [p/3]) u {bici 1 < i < [p/3]), (9) 
where 1x1 denotes the greatest integer in x. The complete subgraph 
({al , a2 ,..., q(n,z~lS,i)) is termed the axis of the ultrablock fan F, , and for 
1 < i < [p/31 the complete subgraph ({b? , ci , a, , a2 ,..., q)) is an ultra- 
block termed a blade of F, . For p = 0, 1 (mod 3) the blades are the only 
ultrablocks of FD , whereas for p = 2 (mod 3), the complete subgraph 
<Vvp+1)/3~ , al , a2 - at(D+2)&l) along with the blades constitute the 
ultrablocks of F, , so 
P(FJ = l(P + I)/31 for p > 2. (10) 
Note, in particular, that for p = 312 > 3, the ,LL(F~J = PI ultrablocks of F, 
include exactly one ultrablock U with K(U) = i for each 2 < i < n + 1 = 
Wd 
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For any 1 < k < [(p - 1)/3J, the subgraph F, - {b, , b, ,..., b,-, , 
Cl , c2 ,'.', c& is a k-block of F, that is not an ultrablock, and there are no 
others. So &F,) = p(F,) + [(p - I)/31 = l(p + I)/31 t L(p -- 1)/31, or 
WzJ = l(2~ - 1)/31 for p > 2. (11) 
Figure 3 illustrates the ultrablock fan F,, . Note that F,,, has p(F,,,) = 
lU0 + 1)/31 = 3 ultrablocks, <h , b, , cl)>, <(al , a, , b2 , c,)>, and ((a, , a2, 
ug, b, , cJ). In addition, F,, , Fl, - (6, , cd, F,, - (b, , cl , 6, , cz> are k- 
blocks of F,,, for k = 1, 2, 3: respectively, providing the total of $(Flo) = 
1(20 - 1)/3J = 6 k-blocks of E;, . 
FIG. 3. The ultrablock fan F,, with axis ({al , a2, as, a4}> and the three blades 
<is , b, , cd>, <{aI , a2 , b, , cJ) and <Ial , ~2 , a3 i ba , cg]) which are ultrablocks of & . 
The maximum total number of k-blocks for ail k 3 1 in any p-vertex graph 
is denoted by 
$(p) = m$x {#J(G) / I Ye = p). u4 
It is now shown that the ultrablock fan achieves the maximum packing of 
k-blocks. 
THEOREM 2. FOP any p 3 1, 
4(P) = l(2p - u/31. (13) 
Proof. For p = I, 4(p) = 0 verifying (13). For p > 2, it follows from 
(11) and (12) that $(p) 3 $(F,) = [(2p - 1)/3J. For j < p - 2, let 
F’(p + 2j,j) denote the p-vertex graph determined by deleting the vertices 
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jb, , b, ,..., bj , cl , ~2 ,..., Cj] from the ultrablock fan FDFzj ; i.e., the j smallest 
order blades are removed. Thus F’(p +- 2j,j) has 2j fewer total k-blocks than 
F,+zi, and any remaining k-block B has K(B) 3 j + 1. Thus the number of 
k-blocks of F’(p + 2n - 2, rz - 1) with k 3 n is 
WYP + - 7/I - 2, 17 - 1), n) = [ 2(p -;‘) + 1 ] 
for l<tz<p-1. (14) 
It will now be shown that for any graph G, the number of k blocks of G 
for all k >, 12 satisfies 
+(G, n> < l[Z(i V(G)/ - II> t 1]/3j for 1 < y1 < 1 Y(G)1 - 1, 
(15) 
=o for II 3 V(G)/. 
The verification of (15) is immediate for complete graphs and any graph on 
p < 3 vertices. Proceeding by induction, let (15) be assumed to hold for all 
graphs G with 1 < / Y(G)] < j - 1, and let Gj be a particular noncomplete 
j vertex graph. Let S be a minimum separating set of Gj with (A,), (A,),..., 
(A,,), m > 2, the components of Gj - S. Consider three cases depending 
on the values of n > K(G~) and +((Ai u S), 12). 
(i) Suppose ~z 3 K(G~) + 1 and +((A; u S), n) = 0 for some 
1 < i < m. It follows from the block separation lemma that, for k 3 n, 
the k-blocks of Gj are precisely the k-blocks of Gj - Aj . Thus b(Gj , n) = 
&Gj - Ai , n), and since ! V(G, - AJ < j - I, (15) follows from the 
induction assumption. 
(ii) Suppose R(G,) 3 n > / S 1 + 1 = K(Gj) f 1 and #(Ai U S), n) > 1 
for 1 < i < m. Thus 1 Ai u S / 2 tz +lforl <:<~,sobyCorollaryl.l 
and the induction assumption, 
$(Gj ) 12) = f $((Ai u S>, PI) 
i=l 
< [(2j -t 2(t71 - 1) ~ S / 
< pi - 2n + 1)/31. 
(iii) Suppose n = I S ~ = K(Gj) > 1. 
211 
2mtz 
1)/3 
I 
m)/3] 
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Thus ;A,uS/ >rz+1 for 1 <i<m, so by Corollary 1.1 and the 
induction assumption, 
+(Gj , it) = 1 + $ +((& U S}, 12 3- 
i=1 
<l+ C(2/Aii+2:S 
I 
‘?I‘ 
i=l 
<I f l(2.j - 2n - IH)/3j 
< [(2j - 272 + 1)/3J. 
/ - 2n - I)/3 
i 
Thus inequahties (15) hold for all graphs G on j vertices, and by induction 
for all graphs. Hence 
Let us now consider the maximum packing of ultrablocks in a graph. 
The ultrablock fan F3,, shows that it is possible to have IZ ultrablocks in a 
3n-vertex graph with I? = n + 1 where all ultrablocks have differing vertex 
connectivity. The notion of a fan graph may be generalized to allow an 
arbitrary mix of blades around the axis. 
For the integers 1 -< II < I? < ... ,< /, , n > 1, let the fan graph 
F(i, , l2 ,..., 1,) have as axis a complete subgraph on I, - 1 vertices where, 
for 1 < i < n, the ith blade of F is a complete subgraph composed of two 
new vertices along with the initial Ii - 1 vertices of the axis. Thus the 
ultrablock fan FSj is simply the fanF(2, 3, 4 ,..., j +- 1). The fanF(1, 1,2,2,4,4) 
is illustrated in Fig. 4. The fan F = F(& , IS ,..., I,) has p(F) = II ultrablocks, 
the blades of F. Also, R(F) = I,, and / V(F)] = 2~ + I, - 1, so that 
v(F) = (I VF)! - R(F) + I)/2 for any fan F. (16) 
FIG. 4. The fan F(1, 1, 2, 2, 4. 4), with a 3-vertex axis and six blades. 
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It will now be shown that the fan graphs achieve a maximum packing of 
ultrablocks in graphs having fixed values for the number of vertices and 
the maximum subgraph connectivity. 
Let the maximum number of ultrablocks in any graph G on p vertices 
with tautness T be denoted by 
p(p, I?) = m;x (p(G) / i V(G)1 = p, c(G) = c}. (17) 
THEOREM 3. For any p > I? 2 1, 
ProoJ: For p > I? > I, let II = L(p - IZ + !)/2] 3 1. Then any fan 
Ft4 , 4 >..., inpI, I, = d), along with an isolated vertex when p - 2 + 1 is 
odd, verifies, by (16), that &p, R) > [(y - R i 1)/2J. Thus it is sufficient 
to show that 
p(G) < 11; V(G)1 - R(G) + 1 l/21 (19) 
must hold for all graphs G. The verification of (I 9) is immediate for any 
graph which is itself an ultrablock and any graph on p < 3 vertices. 
Proceeding by induction, let (19) be assumed to hold for all graphs G with 
1 < / V(G)1 < j - 1, and let Gj be a particular j-vertex graph for which 
R(GJ > K(Gj). Hence Gj is not complete, and must have a minimum 
separating set S with (A,), (A,),..., (A,,), nz 3 2, the components of Gj - S. 
Consider two cases. 
(i) Suppose ?((A, u S)) < K(G~) = / S / for some 1 < i < W. Since 
2(Gj) > K(GJ 3 k((Ai u S)), it follows from the block separation lemma 
that every ultrablock of Cj is an ultrablock of Gj - Ai and that R(G, - A;) = 
Z(GJ. By the induction assumption 
/-4Gj) G /4Gj - Ai) 
< l(j - i Ai / - R(Gj - AJ + I)/21 
< l(j - ;(Gj) + 1)/‘21. 
(ii) Suppose l((Ai u S)) > K(G~) + I = S / + 1 for ah 1 < i < 1~ 
NOW ?((Ai u S;) = fi(G,) for some 1 < i < t??, so 
C G<At u 9) b G(Gj) + (7~ - I)(! S i $ 1). (20) 
i=l 
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Utilizing Corollary 1.2, the induction assumption, and (20), 
< [(j $ (in - 1) / S I - r?(GJ - (11~ - 1)(1 S i f 1) $ m)/2] 
= [(j - C(Gj) + 1)/2]. 
Thus (19) holds for all graphs G, proving the theorem. 1 
IV. NUMBER OF CRITICALLY &CONNECTED SUBGRAPHS OF AN ULTRABLOCK 
A graph G is critically k-connected [l, p. 1261 if K(G) = k and K(G - u) = 
k - 1 for every v E V(G). It has just been shown that the maximum number 
of k-blocks (maximal k-connected subgraphs) in a p-vertex graph grows 
linearly with p. It will now be shown that the maximum number of critically 
k-connected subgraphs of a p-vertex graph grows exponentially with p. 
For 2 < m < n f 1, and I > 3, let the graph Q(m, n, 1) be composed of 
a complete bipartite graph Km,nl along with a cycle C, , where each vertex of 
the cycle is adjacent to n distinct vertices of the nl vertex independent set of 
K m,n1 . The graph Q(3, 4, 3) is shown in Fig. 5. By deleting all but m - 1 
of each set of the n vertices of Knz,nl adjacent to each vertex of C1 , an induced 
subgraph Q(m, m - 1, Z) of Q(nz, n, I) is determined; e.g., the subgraph 
Q(3, 2, 3) of Q(3, 4, 3) shown in Fig. 5. 
It is readily verified that 
and, furthermore, that Q(w, PZ - 1,1) is critically (1~2 f I)-connected. Thus 
the p = nz + (n + l)Z-vertex graph Q(m, n, I) has at least (mfi?l)z critically 
(m + I)-connected induced subgraphs. In particular, for k > 3, Q(k - 1, 
2(k - 2), Z) has at least cx(k, Z)p critically k-connected induced subgraphs, where 
Let 
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FIG. 5. (A) The graph Q(3, 4, 3). (B) The subgraph Q(3, 2, 3) occurs 63 = 216 times 
in Q(3, 4, 3). 
Numerically, M ~ 2113 = 1.259 . ..) 314 = 61/j = 1.430 . ..) 31j _ 20117 _ 
1.534 . ..) and n,317011g = 1.603 .., . From a well-known result of Moon 
and Moser [g], the maximum number of cliques in a p-vertex graph grows as 
3P13. Since 31i3 = I.442 . . . . it is evident that the maximum possible number 
of critically k-connected induced subgraphs of a p-vertex graph grows faster 
with p: for k > 5, than the maximum possible number of cliques in a p-vertex 
graph. Now 
(23) 
Furthermore, the number of induced subgraphs of a p-vertex graph is 2~ .~ 1. 
Appropriate refinements of the preceding method then yields. 
THEOREM 4. For any E > 0, there exist K and N such that the maximum 
number, M(k, p), of critically k-connected induced subgraphs of any p-vertex 
ultrablock of connectivity k satis$es 
(2 - e)” < M(k,p) < 2” for all k > K p > N. (24) 
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